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Effects of symmetry breaking on statistical properties of near-lying acoustic resonances

David M. Leitner
Department of Chemistry, University of Illinois at Urbana-Champaign, Urbana, Illinois 61801

~Received 26 June 1997!

Statistical properties of acoustic modes in quartz blocks, measured recently by Ellegaardet al. @Phys. Rev.
Lett. 77, 4918 ~1996!#, are compared with predictions of a random matrix ensemble that incorporates the
approximate point-group symmetry of the samples. We observe close agreement between the nearest-neighbor
acoustic mode spacing distributions and level spacing distributions predicted for the corresponding matrix
ensemble. The single symmetry-breaking parameter of the random matrix ensemble is seen to scale with the
size of the symmetry-breaking deformation of the quartz sample.@S1063-651X~97!13110-5#

PACS number~s!: 62.30.1d, 02.20.Df
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Statistical properties of near-lying acoustic modes, s
as the distribution of spacings between mode frequenc
have been shown to be well described by the Gaussian
thogonal ensemble~GOE! @1,2#. Recently, however, Elle-
gaard et al. @3# demonstrated that acoustic mode statist
differ from GOE predictions for quartz blocks whose poin
group symmetry is broken. This development is reminisc
of the early studies of energy-level statistics of complica
quantum-mechanical systems. Several decades ago, Ro
weig and Porter observed, upon analyzing level spacing
tributions for families of transition-metal atoms, that symm
try breaking due to spin-orbit coupling leads to deviatio
from GOE predictions@4#. Random matrix ensembles mod
eling quantum systems with broken symmetry have si
been the focus of a number of studies@4–8#. While the spec-
tral statistics predicted by these matrix ensembles agree
with results of numerical studies of model quantum syste
@9#, comparisons with experiment have been limited to rat
small numbers of levels@10#. Ellegaardet al.’s data@3# pro-
vide, for the first time, a sizable set of experimental lev
with which to compare predictions of random matrix mod
that incorporate point-group symmetry breaking. It is imp
tant to remark that the quartz blocks more closely resem
scalar pseudointegrable systems than chaotic ones@3#, which
limits the range of levels whose statistical properties wo
be shared by those of the matrix ensembles. The acou
modes of the quartz blocks are expected to be statistic
indistinguishable from energy levels of quantum ‘‘chaotic
systems with broken symmetry over distances of a few m
level spacings@3#.

The quartz samples analyzed in Ref.@3# possess an ap
proximate twofold ‘‘flip’’ symmetry about one axis. Flip
symmetry of the quartz block was broken by removing
small piece of radiusr from the sample. Ifr 50, due to flip
symmetry, statistics of near-lying eigenmodes correspon
those of two randomly superposed sequences of GOE le
Sufficiently large r breaks the symmetry so that acous
mode statistics resemble those of the GOE. For smaller ,
Ellegaardet al. showed that the eigenmode statistics were
intermediate character, and proposed a random matrix
semble to model the quartz samples@3#. That ensemble, her
called E(L), where L is the symmetry-breaking param
eter, was analyzed in earlier studies@5,7,8#. Ref. @3#, how-
ever, provided no comparison betweenE(L) and the acous-
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tic statistics of the quartz blocks, nor any connecti
betweenL and r . Here we show that the nearest-neighb
eigenmode spacing statistics of the samples follow pre
tions of E(L) quite well by comparing results reported
Ref. @3# with an analytical prediction forE(L) @8#, and
thereby observe a relation betweenL and r .

The random matrix ensembleE(L) consists of matrices
H5H01V, whereH0 is block-diagonal, here two blocks fo
the two-fold symmetry, each a member of the GOE;V
couples the blocks, breaking the symmetry. Level statis
of E(L) vary with L5e2r2, wheree2 is the variance of the
random elements ofV, andr is the density of eigenmodes
Equation~10! of Ref. @8# provides a very close approxima
tion to the nearest-neighbor level spacing distributi
PS(S;L) of E(L). For the quartz samples, whereH0 con-
sists of two blocks of the same dimension, the level spac
distribution reads

PS~S;L!5cNcDSAp/32LI 0FcD
2 S2

16L GSe2~cD
2 S2/16L!~112pL!

1
p

8
Se2~p/16!cD

2 S2
erfcFAp

4
cDSG D , ~1!

whereI 0 is a Bessel function, andcD andcN are set so that
^S&51 andPS is normalized, respectively. Equation~1! fits
numerical results ofPS(S;L) for the ensembleE(L) defined
above closely over the rangeL50 to L'0.35 @8#, at which
PS(S;L) is already difficult to distinguish fromPS(S) in the
GOE limit. In Ref. @3#, nearest-neighbor eigenmode spaci
distributions were plotted for several values ofr . Figure 1
compares a fit of Eq.~1! to three distributions shown in Fig
2 of Ref. @3#. The distributions for the acoustic mode spa
ings are seen to compare well with those forE(L), with
PS(S;L) from the experimental data closely following th
predicted distributions; only for the smallerL is the maxi-
mum in PS(S;L) apparently slightly higher than predicted
For the distributions plotted in Ref.@3#, corresponding to
r 50, 0.5, 0.8, 1.1 and 1.4 mm, we findL to be 0.0013,
0.0054, 0.0096, 0.0313, and 0.0720, respectively. Ther 5
1.7 mm distribution is also plotted in Fig. 2 of Ref.@3#; this
distribution appears similar to that plotted for a sample w
4890 © 1997 The American Physical Society
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56 4891BRIEF REPORTS
no apparent twofold symmetry. The latter two distributio
fit to L50.113 and 0.138, respectively.

We now consider how the experimental symmetry bre
ing parameterr and the matrix ensemble parameterL are
related. Since the acoustic resonance densityr is largely in-
dependent of smallr , L varies withr throughe. Mode cou-
pling occurs at the surface of the quartz block, and we t

FIG. 1. Fit of Eq.~1! to three eigenmode spacing distributio
from Ref. @3# ~histograms!. Dashed curves in the top and botto
plots result from, respectively, two superposed independent G
sequences and one sequence, the former corresponding to
served symmetry.
J

-
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expecte;r 2, or L;r 4. The data reflect this scaling. Ne
glecting the r 51.7 mm distribution, already close to th
GOE limit as noted above, we see that the distributions
the otherr fit to L5a1br4, with a 5 0.003 andb 5 0.018
mm24, which is shown in Fig. 2. ThataÞ0 reflects slight
differences between statistics of two superposed GOE lev
and the mode spacing distribution forr 50 plotted in Ref.
@3#. Using this fit for L, we can estimate the couplinge
betweenr 50 modes; e.g., sincer' 4.7 kHz21 @3#, e' 0.03
kHz whenr 51 mm. Still lacking is a more complete theo
retical relation betweenE(L) and the samples, as obtaine
for quantum systems with approximate point-group symm
tries @9#.
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FIG. 2. Points are values of the symmetry-breaking parameteL
of the random matrix ensemble, obtained by fitting Eq.~1! to the
distributions of nearest-neighbor acoustic mode spacings repo
in Ref. @3# for several values of the experimental parameter,r . The
curve is a best fit ofL using the formL5a1br4 (a50.003 and
b50.018 mm24).
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